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ADSTRACT

COLES (1] sugpestad to represenmt the velocity distribution in twrbulent boundary
layers with adverse pressute gradient over smooth surfaces by a hnear combination of
1wo unwersal functions, One s the well known law of the wall, the oiher the law of the
wzke which is characterised by the prefile at a point of separation or reattachement.
The aims of this investigation are tomodily Coles velocity distribution tc perform the calculations
{or turbulert boundary Jayers over smooth and rough surfacesand aisotostudy aralyt.cally
the various bounda'y layer parameters and surface roughness function derived from the
modilied velocity distribution aad experimental results with flows qver reugh surfaces
given ia (10],

NOMENCLATURE :

A velocity prelile parameter

B constant , eq. (2.2.1) ;

Coy Iree stream velecity (m/s)

T velogity at the cuter edge of the boundary (ayer (m/s)

<y friction vefotity f iw/ P ’ {m/s)

gck/y dimensiontess roughness height

gcylu dimensionless distance normal 1o the wall

<y local skin friction coeflicient , Tw/D.J P c 2

¢y velocity of the {luid inside the boundacy layer 'n x-direcrion (m/s)

<, velocity component inside the boundary layer in y-cirection {ra/s)
c kg .

C(%) surface roughness function

S constant of surface rcughness lunction
le boundary layer form parameter , & * /8 '
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0o

! boundary layer shape parameter , f (f__;.". ). 4 Z.;'_L::)

o L c

k roughness height {m)

p velocity prolile parameter _

Rek roughness height Reynolds number , -c-)-‘)-l-(

w ) wake lunction

x 8 coordinate in the direction of the wall (m)

Y coordinate normal to the direction of the wall (m)
§ boundary layer thickness (m})
s boandary {ayer displacement thickness , f(l - - ) dy . (m)
§* boundary layer momentum thickness, r-_—x (1 - :x) dy {m)

5 ¢ c

x von Karman's universa) constant

A Euler nutuber , -,IE ’ -a—; §er 2

) kinerratic viscosity of {luid ) . (m®/s)
T pressure gradient parameter . - -lE . gd'cx . ZT,,-_/_'{--'Z

P density of lluid f (kg/mj)
'l wall shear stress (N/rnz)

w

I- INTRODUCTION

Solution of boundary layer problems depends on the velocity distribution and whether
the flow is laminar or turbulent. Of the two, the laminar boundary layer is more amenable
to analytical solution and there is an extensive Jiterature on lamipat boundacy [zyec alane.
The complication increases rapidly when the boundary Jayer becomes turbulent. Its flow
struCture 18 o complex that it can not be solved by the exact methods. This complexity
2lso increases when the {low is over rough surfaces. Calculation and analysis methods of
the f{low of turbulent boundary Jlayers over rough surfaces make use of the smooth wall
llow predication methads as a guide. These methods expressed the effect of the surface
roughness on the velocity distribution by the rcughness function C (c. .k/y). A summarised
survey ol these methods will be mentioned as a literature review. L

Nikuradse (2] has shewn in a pipe flow that raughness leads to a downward shift
in CX,C[ . He adopted the velocity distribution :

Lo

=AoB.In{ o

n
e}

with B as a constant and A = 8.48 for sand - grain roughness

Rorta [3) and independently Ross- and Robertson [4) proposed a simple approximation
for the velocity profile as :
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where A denotes a [ree parameter and X von Karman's constant. The roughness function
C (e . k /) rakes the value 5.2 for smooth susface, and for compieiely rough surface it
15 given Dy :

. N 1)
C (-;—.--- =C -:1n L
W ) |
with Cr constant of surface roughness function.

el *e -
Rotta (5] plotted the refaton ¢ = ¢, (K& , K ,) for rough surface with sand
grain roughness based on Nikuradse {2 (experimental resuits) {4 e assumption that the °

loughness funcuion is ot alfected by the exusten<e of pressure gradieat.

n [€) an analytical study ol equation {I.?) is inroduced, The drllerent boundary
layer paramcrers are calculated on the pasis of ihe experiments zchucved i [10)

Clauser [7,8]and Hama [9] dsed the form of the ve.ocity distribution for (low cver
rough walls w.th zero procssure prad.ent as s

< C ..y
x . LT i.n-¢(E.. (1
Cf.-1 I > ) C ( i ) ot ( )

with xanc B are 0.4 and 3.2 respecuvely.

C-
L

The surface roughncss function, C (c.:. k/» ) im equation (1.4) is differere than that
in equation (1.2) because of the miroduction of (he constart, B. Its value 15 zero for flow
over smoo:h walls,

The Clauser form of the roughness function for faily rough flow is :

c;_—.k \ CC' k
C (--)_J.-- o In e c, N ))

where CI 1S & constant.

Allan [11] suggested another velocity distribution- ., The earious factors and

functions are given for pipe flows, fiat plate fiows. and dillusing {lows with uniform sand
grain roughness are further examined in {12, 137,

2. GOVERNING EQUATIONS

Coles [I] propesed a velocity prolile expression that can be used ‘o predict the
mean velocity distributions. It 1s given by

C C-. y
x | C y ) Lol (2.0
cf‘i In--}-)-»+!}o- “(Tf

K it ) . 5

law aof the wall law of the wake

where P (5 the velocily prafile parameter, and w ( Y) 1 the law of the wakeaz and B are
]

two empiricz] consiants of 0.9 and 5.1 values,
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2.1 wake Function
The wake function w {y / 3) is normalized to be zero at the wall and have a value
wly /  =2.0ary /B =13 also I {y / 8 dw = |. For flows over smooth surfaces, Coles
(1] gave it in a table form. Several forms ol the wake function have been presented by
different authors. [t js given to a good approximation by the empirical tix:
wid)=2 s (L. L=t costm L) RN

The disadvantage of this approximation is that 3 c_/ dy evaluated from eguation
(2.1} is nonzevo at y = § : it equals ct/x.& X

Moses |1} gave the wake function in a palynomial approximation in the lorm:

wigr=60%) ca( L) oo (20.2)

A bc:lef choice f[o¢ the wake, originaily due 1o Finley et.al- (15], 1s to replace
the term Baw (y j &) by :

P.w(-é—)=<[a.(.l‘).{—‘yr)z-(l¢'n‘).(-§-)3

which lor bcl /¥y =0 aly:lf.
Rotta (16] gave it as :

e (2.3)

4

\v(-é‘-) =39(-§-)3 - 125(-3-) #133(—%—)5-133(-3-)6‘38(%‘)7.‘.(2.1»»)

Strehle [17] has put it in the following formula :
wiF) 21607 v s’ s 5 v s (R0t e

which sauslies the [irst normalizing condition w{o) = o but nct the second condihon and
gives ‘or w(l) = |.9.

A matlhematical correlation was doie in {18] on Strehle's formula and leads to:

w.(-g-) = 2124 (%—)2 TR (-3'»)3 - 30.027 (3% 4 20.527 (-})5- 4,968 (-5»)6‘ -+ (200

and satisiies both values for normalizing conditions.

2.2 Modilied Velocily Distribution

The moadilied Coles velocity distribution which contains the contribution of the
effect of surface roughness, C(i"k/ v). is expressed in the form:

c c_. Yy c..k
x« 1 z P v ~ .
‘E‘-r = ;E v ln A‘--)'J-“ + B+ ‘i’ . W ( -8’ ) + L ( b ) - .. (2.2Al)

The ‘ast term ol eguation (2.2.1), represents the surface roughness [unction which eguais

zero In the case of smooth surface, while the (low over completely rough surface it takes
the form :

ct-E—y.c - LognlELD ... (2.2.2)
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waere :r is the conastsnc ol surface roughiess funct.on. At the outer edge of the boundary
layer (y = &, c, - C ) eq. (2.2.1) yields :

._-=_.|n-.‘-.l--+a+?£+m ______ ) .22

The velocity disuibution inside lhe boundary layer can be deduced from equations (2.2.1)
and {2.2.3), it yields ¢

SN o S O S I Y AL Ut 1 (2.2.0)
PR e B Ly
C~ Tw
W[!h--:——--_-z—
c . C

2.3 Boundary Layer Parameter
The two boundary layer parameters ; def.ped in the nomenclatyre ; the drmensionless

. s ¥ P
displacement thickness o /S!z rhe dimensionless momeniwn thickness o / 8 are obrained
by substututing the value ol ¢ ! c n their {ormula, so thart :

=5 -+ P) s oL (2.30)

and

Gep-L-lo oLz, 15220k (2.3.2)
2 MRy e el

?.C

The remaining boundary tayer parameters such as the {orm paramerer, H ;. the shape para-

meter, |, and the pressure gradient parameter, ™ , inay be represented by sepasate [ormuias.
They are :

*
Form parameter Hj,= ‘“.‘.§~'l“§ S VAR )]
§° 1€ '
2
Shape parameter 1= (1 - H—-I- ). L SN AR 21y RPN 2 %))
12 T x(l+ Py .
N4
e
pe
2]
Pressure gradient parameter M :=A L2 .- (2.3.9)
Tw
p-&*

whereAls Euler number .

The prolile parameter P can be estimated by solving equation (2.3.4) and given as:

| 7 2 )
Pxoygie, [2.1-3.2 ¢ X212 - 03202, 1 - 1.936 ] .23
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2.4 Roughness Function

The calculation of the constant of surface roughness function, C, can be achicve

- . c_ .k
through the [ollowing procedure : substituting the roughness function C (--1':):;- ) Irom eguatc
(2.2.2) into equation (2.2.() one gets :
f-"---l[lné-P ({)l+BsC (2.4
cr- = y - W 6 r s e 4.

At the outer edge of the boundary layer {y = § , ¢y = ) eq. (2.4.1) gives :

c ek ;
Z‘f"i"“8 P1+ B+ C B X
Fa.a.4

The ratio k / 6 can be written as (k / § ) (6" / 6') (Si /8 and using equations (2.3.1) ar
(2.1.2) , the last equation becomes :

¢ _ 1 k I (Tw 1+ P
E‘ = -i[ln -6-*-‘ + In H[Z + In ( ——é'z . "'x" ) - 29} + B« Cr
r &
and Cr con be grven by
Z: Y
| | L+P 20 1 k | W
C_ = mreimn B LT B T 5 S ] el A ) . (2.4
Tw X A Y ST I Pt
-
R-C

U
So, Cr can be evaluated when P, k/o , H, . and (w/q.c are knowns .

12

Tbe elfect of the roughness height Reynolds number, Rek, on the surface roughnes
function C (c,z . k/)) can be achieved by delining it as :

1sP Uk
k= THp T

The surface roughness function C (ct . k/ ) can be obrained from the previous equation
it yields :

! + P

T° - : 1 k
Clp = Sz -B-g-lnRe -in (-3 5

) + 2P] <245

A
12

“H
Cr+ k
Equation (2.4.5) was used to cvaluate the surface roughness function, C (--=---), fo1

different values of the roughness height Reynolds number at constant ratios of k/S“.
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3- Results And Discussion

The varation of the velocity profile parameter, P, wilh both »f Euler number,A,
the local skin,friction coeflicient, T / ¢. &2, and the pressure gradient pararneter, T, lor
ratios of /& - 0.03, .08, 0.10 and‘0.30 agg given in [igures (1) , (2) ang (3) respectively.
Fac boundary layers at the same value of k/6 , the velocity profile pacamerer, P, increases
as Eulec number, A, increases; Fig. (1); this bs in conjuction with a decrease in the value
of the local skin friction coetlicient, 7 [/ p.¢ ; Fig. {2). At separation, i.e., 7 — 0, values
of ? tend to infimty (19]. For the satne value of the of the velocity profilé parameter,

P.consjant, both Euler number A and local skin friction coetficieat, increases as the ratio
of, k/8 , increases.

Fig. (3) represents the change in the velocity prolile parameter, P, with the pressure
gracient parameter, il . For {low aver rough surfaces it is given empirically as [13] :

T = (P - 0.55) (1.60056 + 0.420645 P) BT & M)
with P = 0.5, i.e., [low over {lat plate at zero incidence.

White [20] sugyested a power-law expression :

P=0.8 (T .0.9%7 RS )

which is arranged to [it the theoretical requirement [Mellar and Gibson (2!l that the wake
vamish at TT = - 0.5, corresponding to an assymptot.cally large favorable gradient.

Das and White [22] gave a ncw emnpincal correlahon between, ?, and ,77 , lor llows
with adverse gradient mnsenarated llow as :

N :076P +0.42 P . . (3.3

Equauions (3.1), (3.2) and (3.3) are represented in Fip, {3) for compansen with the data points.
An agproxvimate correlgcion between, U, and |, T ,{or these dala can be obtzined in the form:

P= 14T for Wx0.6

which shows a good agreement in the given range.

O s 9%}

The range of the pressure gradient parameter, L, {or self preserving boundary layers
is -0.5 £ W 4e given sy Mellor and Gibson [21]. The decelerating (laws and accelerating
{lows corresponds to T >0, T < O respectively. A relation between the shape parameter,
!, and the pressure gradient paranetef exsists o the Jorm 1 = | {T ) given in a table form

{21] Nash (23] give an approximate relation between | and~ X lor sell-preserving (ows in
the form:

[z 6.1 (¢ 1.81)%° - .7 ... B

Figure (4) illustrates the relation belween | and T for ranos of K& = 0.05, C.08,
.10 and 0.30. It 1s compared with the relations giver by Nash 23] and Mellor and Gibson {211
Data pointy are adjarent to the curve ol {(2(], A correlation { =} (7)) can be aerwved {rom
equations (2.3.41 ana (3.64) and approxiinaled as :

)3 4.2 - S for W06 R W3)

[t is representec in the same figure and  [its hetrec with the experimental data .

Figure (5) represenis the relation between the constant o! surface roughness f[unction,
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»e .
Cr, and the rauwo, k/& , with Euler uuber as parueter.

. . . 4
The influence of Euler pumber, A , the dimensionless wall shear stress, fw/? - C

and the velocity profile parameter, P, on the surface raughness function, C (cy . k/a/), are
illustrated in Figs. (6 to 8). These figures are given for values of the ratio k/&"" = 0.03
and,,0.30 with the roughness height Reynolds number, Re , as a parameter. At constant
k/é andA; Fig. (6) ; the function C (CT‘ k/v)increases as Rek decreases. The same can

be observed at constant k/bu and ’L'w/?.E2 ; Fig. (7); or ar constant k/éﬂ and P ; Fig. (8).

e
Alsa, at the same Rek the function C [CZ K /) decreases as the ratio k/§  increases.

*
In figure (9) the velocity profiles at rarias of k/fS * -~ 0.05 and 0.30 for different
Culer number cranging belwern 0.0 and 3* IO_J are plotted. For boundary layer at the saine

** . - . .
ratio of k/§ , the velocity distcibution, c‘/c, decreases with the increase of Euler number,A.
Also, for constant Eulec number, y tHe velocity distribution decreases shghtly with the
increase of the ratio k/d **.

With the increase aof (he value of, 4\, (i.e., > 3* 10'3) the [low approaches toseparation
from the surface, the value of ¢, ~o, then the C {cg - k/v) and (cg . kf>) approaches zero.
In this region the surlace chanrges from fully rough to transitionally rough and finally smooth
surface ar a value o] c = o.

i

4- CONCLUSIONS

On the basis of the modilied Coles velocity distribdtion for turbulent boundary
layer over rough sucfaces and the application of 1he experimental cesults of {10], the following
conclusions ace obrained:

(1) Two new empirical correlations between the velocity prohite parameter, P, and the
pressure gradient parameter, W, and the shape parameter, | , and , T , have been
derived [rom the experimental data.

(2)  The velocity profile parameter, P, increases wilth the increase ol Euler number A,
and the deccease of the ratio. k/d " .

(3)  The surface roughness function, Cle . k/ » Jilor the boundary layer with the same ratio
ol k/8** and the roughness height, Rek;mcreases with the increase of both Euler numoer

A, and the relocity profile parameter, P , and the decrease of the dimensionless
wall shear stress, ‘EWIQ.E’.
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