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ABSTRACT 
In most practical applications, the constituent cornponenets or 

a multiplex system are usually .unidentical, The present work 
study the solutions of the limiting values of transition 
probabilities ro get the long-term availability for a multiplex 

- system of n .repairable identicall unidentical components. 
Availability formulae for some selected configurations of Ldefinite 
number of components are achieved. 

. I-INTRODUCTION 

In Markovian processes .where it is possible to go from one state to 

another over a large long period of time, it can easily be shown that the limit 

Pj= lim Pj(t) always 

exists[l],, where p(t) is the occurrence probability of j failures at time I.. 
J 

One can get the steady state (long-term) solutions by simply setting all 

The derivatives .P.(t) equal zero, and hence-the system of differential J 

equations will be reduced.to an equivalent system of algebraic equations. 

To solve these equations of n- components multiplex system, one cm make 

use of : 
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All previous works in this respect deal with identical components which 
\ 
\ 

is not the case in most practical applications. The present work gives the 

transition ma& and solves ail resulting algebraic equations to get the long- 

term availability, with repair, for n-unidentical components. The case of 

identical components is obtained as  a special case. 

2 -MARKOV STATE DEFINITION 

To fully describle a11 possible system-states over a large long period of 

time, one should define the following terms [2] : 

2"- 1 
* Total number of states = X Si 

i-0 

.- - - - - 
* Non operating components = \ x ~ Y x ~ , x ~  ........, Xn-I .Xn) 

The following are some samples of the states under the previous notations : 

-. ... 
The state S for example, is the state where xl is,only operating 

2"-2 

while the rest of components are down with. only one element can be under 

repair at a time. 
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The set of all system-states (Qj is partitioned into the set of operational 

system-states (U) and the set of fialed system-states@). One must write S 

E U when the system is operational [3] . 

3 - BASIC ASSUMPTIONS 

The solurions will be camed out under the follo-wing assumptions [4] : 

i - The iransition probability Pij  from Si to S .  over a large long period of 
J 

time, which includes exactly one failifig element, is Xi . hi is the failure 

rate of the i h  components i=1,2 .................... n. 

ii - The transition probability Pi j  from Si to S. over a large long period of 
J 

time, which includes exactly one repair completion, is pi . is the 

repair rate of the-ib components, i=l,2 ,..........., n. 

iii -The transition probability P. from Si to S .  over a large long period of 
1 J  1 

time, in which the number of failure and repair completions exceeds one, 

is zero. 

4 - MATHEMATICAL MODEL 

A. Multiplex System of n-unidentical Components 

The transition probablility matrix for availability with repair of n- 

unidentical components is given by : 
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0 1 2 3 . -. 2"-2 2"-1 

(one equation) 

P =  c.3 

" 

N 
I 

c 
N 

r( 

I 
? 

N 
. 

m n? m n-m 
0 a 6 h j , ~  PjVk - [ P ,Ijll + P u .  ]P. t I, v j , %  Pj,e . 

k= 1 115.1 k..l J J  J 

n 
u1 1- C X.-u1 0 0 0 0 

i=2 

n 
!J2 0 I- C Ai+X2-u2 O 0 0 

i=l 

n 
0 0 1- C Ai+X3-u3 0 0 U3 

n 
0 0 0 0 1-(Al+ C ui l  A, 

i = 2  

n 
0 0 0 0 1 1- C L 

i=l - 

w h e r e  

We may write the following system of 2" algebraic equations are : 

, - . u j , ~  ' f a i l u r e  r a t e ,  repa i r  rate of & bad component i n  s t a t e  S j 

5 f a i l u r e  rate , '  r epa i r  ra re  of good component i n  s t a t e  
'j,n. ' * j , e  

j 

P. 3 s t a t e  probabi l i ty  S .  when the k!& bad component is replaced 
J Ik J 

by a good one 
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Pj ,E = s t a t e  probabi l i ty  S. J when the &! good component i s  

replaced by a bad one 

n t o t a l  number o f  components 

m a number of  bad components i n  the s t a t e  s j  

a n d  t h e  s o l u t i o n s  a r e  -: 

w h e r e  

n! ( z )  i s  t h e  c o r n b i t l a t i o n a l  form1116 ( n  - m ) !  m l  

B - Multiplex System of n-identical Components 

The set of algebrtiic equations can be obtained by replacing ki ,pi by h 

B respectively in the transition probbility mamx to gel : 

o = -  n>. Po -+ .nU PI , ( o n e  e q u a t i o n )  ( 5 . a )  

0 = XP - [ ( n - 1 ) A  + lJ ]P + ( n - l ) i i  (n-equet ions)  (5 .b )  
o j 

0 = m X P -.[ (n-m) A + mU]P + (n -n)U Pl . (f -(n+l) equationa)(5 .c)  
3 

7 
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where 

I n  this case, the solutions are : . 

where 

C. Availability Formulae For Some Configurations: 

C. 1. Multiplex system of.four unidentical components 

One must deilne z4 states si, i =0,1,2 ,............, 15 over a large long 

period of time to fiillj describe all the component configurations associated . 

with 4 element systems, the 16 states are : 

The system of z4 slgebmic equations can be found from equations (3.0)- 

(3.c) wh& 0-4 na : 
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and, from (1) we get -: 

15 
1 = 'Z 

j=o Pj 
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The soiution of this system of equations gives the following state 

probabilities : 
4 Xi 4 hi A2 A1 A3 A4 A2 A3 A2 X4 + 

p o = l / [  c - +  n - + ( - + - + - + - + -  
i=I uj. ~ P I  u i  u1 u2 u1 u3 PI 4 u2 U3 U2 U4 

J 

X1 I k  P = 
j o , j = 5 , 6 , 7  ; k = 2.3.4 respectively ( 8 . c )  111 'Jk 

P j  = 
X2 I k  

Po  
, j = 8 , 9  ; k = 3,4 respectively (8-d)  

)-'2 "k 

P j = 
Xk X k + l  P , j ,  ; li = 2,3 respectively (8.f) 

U1 Uk Uk+l 
- A X  2 4 X2 X3 X4 4 Xi 

PI.3 = Po 9 Pl4 = 
u1 u?. "4 !J2 uj u4 Po P15 = [ i=l "]Po Ui (8.g) 

The avalraoility romulae depends on the configuration of the system. 

The following are some selected configurations : 
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C.2. Multiplex systm 10-identical components 

The system of 2'' algebraic equations can be found from equations 

. . (6.a)-(6.b) when n=10 as : 

0 = LOX p1022 - 
IOU P1023 (9.11) 

and, from (1) we get 

The solution of this system of equations gives the foilowing state 

probablities are :- - 
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w h e r e  

Shown below the availability formulae for some selecated configurations 
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5 -The Utilization Factor (p lh )  

The steady state availabitity is strongly affected by the ratio (ph) which 

is commonly termed as " utiIization factor" , some references refer the 

inverse of that ratio as "Operability ratio" . 

Figure (1) shows how A( -) varies with the utilization factor of the 

critical component xl ( p l h l )  keeping ofher factors constant, for the three 

configurations of 4-unidentical component system presened in section 

The same effect was studied for the cmfig~rations of 10-identical 

component system provided in section (C.2). The improvement in A(-) as 

(pl 'h)'increases is shown in Figudre(2). 
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Figure (1) I Effect of critical component utilization fnctor on 

A(-) response for different configurations, 

1 ---- ------ ---===--- (a) I 

- 0 - 1 I 
5 6 7 8 9 10 

UTILIZATION FACTCP (U/X) 

Figure (2) : lmprovement In A(+ of 10-identecal components 

responee for different - .iguratiii.16. 
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