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ABSTRACT
In most practical applications, .the .constituent componenetsS or
a multiplex system are usually .unidentical. The present work
study ‘the solutions of the limiting values of transition
probabilities to get the long-term availability for a multiplex
. system of n .repairable .identical/ -unidentical components.
Availability formulae for some selected configurations of .definite
number of components are achieved,

. 1-INTRODUCTION
In Markovian processes .where it is possible 1o go from one state to

.another over a large long period of time, it can easily be shown that the limit
Pj= Iim Pj(t) always

T 3 o0
exists[1],, where pj(t) is the occurrence probaBility of j failures attime t.

One can get the steady state (long-term) solutions by simply setting a1l
the derivatives 'Pj(t) equal zero, .and hence “the system of differential

equations will be reduced to an equivalent system of algebraic eguations.
To solve these equations of n- components multiplex system, one can make

use of

Sp.= _ @
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All previous works in this respect deal with identical components which
is not the case in most practical applications. The present work gives the
transition'mati'ix and solves all resulting algebraic equations to get the long-
term availability, yvith repair, for n-unidentical components. The case of

identical components is obtained as a special case.
2 -MARKOV STATE DEFINITION

To fully describle all possible system-states over a large long period of

time, one should define the following terms [2]

' 2%
* Total number of states = Y, Si
i=0

. * Operating components =(X;'%2,X3.....Xp1 Xp) -
* Non operating components ={X;X,X3........ +Xn-1.Xn)

The following are some samples of the states under the previous notations :

SO=x1 Xy X5 X1 Xa , Sl-x1 Xy g -we Xo oy X
Sz=x1 Xy X3 - X1 % , S3=x1 Xy Xy eee X g X,
S xRy R X X, S =% R Fy...F _ %
Ny 17273 n-1 “n 21 17273 n-1 "n

” The state S -~ for example, is the state where x, is only operating

while the rest of components are down with. only one element can be under

repair at-a time.
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_The set of all system-states (£2j is partitioned into the set of operational
system-states (U) and the set of fialed system-states(D). One must write S

€ U when the system is operational [3] -

System availability over a large long period of time is A(eo)=Pr{Se U

uver u lurge long period of timelS € Qat t=0], - e (Z)

3 - BASIC ASSUMPTIONS

The solutions will be carried out under the following assumptions [4] :

i - The transition probability P; j from §; to Sj over a large long period of

time, which includes exactly one failing element, is A; - A; is the failure
rate of the ith components i=1,2,....ccccceviens n.

ii - The transition probability Pij from §; to Sj over a large long period of

time, which includes exactly one repair completion, is {1; . J; is the

repair rate of the-ith components, i=1,2,........... .

iii -The transition probability P; j from §; to Sj over a large long period of
time, in which the number of failure and repair completions exceeds one,

is zero.

4 - MATHEMATICAL MODEL

A. Multiplex System of n-unidentical Components

The transition probablility matrix for availability with repair of n-

unidentical components is given by :
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g 1 2 3 .. 2"-2 2"-1
2 1- 2 A, A A N
o1 2 A3 0 0
z
- u 1- AL~
1 .~ 0 G
=2 11 ° °
~ u i- X A +A-
2 .+ i 0 0
o T 0
v 0 0 3
oy . -
3 . 1 iil Ai+A3 Uy 0 0
CT n
< 0 0 0 0 -0+ 2 ) A
. i=2 *
g )
n
g 0 0 0 0 u -2 u
1 . i
LI i=1
We may write the following system of 2" algebraic equations.are :
R n (1
0 ='=( p '
iil Ai) o * iil by P (one equation) (3.a)
n n-l
O0=x,P -0z A, -x;+ : ;
jio jop 1 XJ UjJPj + Eil Mg Pj,l , (n-equations)(3.b)

j=1,2,...,n
m n-m m
0= g% a,pP.,  -0ZL A, + L
Tt S (LI PR PN kil uj glP; + 2:'1. e Pyr e
+ (2"-(n+1) equations)(3.a})

mw= 2,3,4,....n

m-l m
J=lz (OI+ 1,0 8 M

i=1 j=1 *
where
&j R oCU4LE = failure rate, repair rate of gth bad component in state Sj
xj et Mg = failure rate, repair rate of gth gooé compoﬁent in state Sj

¥ ’

Pj Kk = gtate probability Sj when the kth bad component is replaced

by a good one
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Pj z = state probability Sj when the gth good component is
replaced by a bad one
n ‘= ‘total number of components
m - = number of bad components in the gtate Sj
and the solutions are :
. m A'E n
Py -E-'l'—]P0 . j=1,2,...,2%1 (4.a)
k=1 j,E m=1,2,...,n
where
n .
n :k-i n ?\_l n-1 (m) m A £
P =1/ L Ty 0 4 I I g J:X 3y 417, (4.B)
° i=1 M1 i=1 M4 w2 L EWE L 3.k
T w1
(") i £he-c mbinational formuls ——nl
m s comba or o= m)§ ml

B - Multiplex System of n-identical Components

The set of algebraic equations can be obtainéd by replacing A; , ij by A,
j respectively in the transition brobbility matrix to get '
0 =~ nd P+ mu P

1 (one equation) » (5.a)

0

APO - [(n-1)2 + “]PJ- + (n-1)u P { n—equetions) (5.b).

n+1’
j=1,2,3,...,n

0 =mA Pj—l ~[(n-m)X + .mU]Pj + {n-m)y Py .(Zn-(n+1) equations)(5.c)

a=2,3,...,n

m-1
=l (D1
i=]

»n
=L (H}1
im]
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where

In this case, the solutions are

= (A j = 1,2,3 (6-2)
Pj ( m )Po ' J 14,3, s 1
and
A om m-1 n moo
= {(~—— = ceowm; j=[ 2 X 1,..., L . 6.b)
Py ()" Py m=2.3, n; j [i=1 (I 2 () (&
where
P, = et (6.c)
n A Ld
.E (i)(—i—)
1=
C. Availability Formulae For Some Configurations:
C. L Multiplex system of four unidentical components
One must define 2* states 5p 1 =0,1,2,n , 15 over a large long

period of time to mui describe all the component configurations associated

with 4 element systems, the 16 states are :

s = 3 =X x
o T XpX3X,, 5 T3 % Sy =Xy Xp)x3%,., s,

S =X, X, X = X X, X
8 TT1T2 N3N Sg =¥ XyE3E, s =) xRy X, .8

- =% %, % % %, % %
12 5 % X X3 %, 5 813 = X X, Xg %, S14 = %) %3 X3 %, , 8¢

The system of 2¢ algebraic equations can be found from equations (3,a)-

.

(3,c) whete n=d g *

S ) i B —x1x2x3x4
4 TXL X X3 Xy Sy =Xy Xy X3 %, s SE X Xyx, . sy =

X1 *2 X3 %4

= X) Xg X3 %,

X} ¥3 X3 %y



0=‘

and,
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Iy -

3
(I Agp g+ Toouypy
i=1 i=1
4 | _
SR A R R R R
4
Ay Py - (151 Ap = Ay +HpIPy ¥ Uy Py + My Py * M, Pg
A3 B = (I Ay = A3 +upley tuy Pt ¥y Py Ty Pig
3
A g = (I A = MIPy *HiPg ¥ My Pg F g Pyg
>\1 py + )\2 Py - ()\3 + )\4 + 91 + uz)p5 + Uz Pyp + My Py
A 3+ Ay py = (A + A+ Uy + U3)pg + Uy Py + Uy Pyg
>‘1 p4 + )\4 Pl - (AZ + )\3 + ul + Ua)])? + u2 P12 + U3 p13

Ay Py + Ag Py = (Ap + Ay + Uy +U3dpg + Uy Py + 1y Py

Ay Py = (0 + Ag + 1y +1,)pg + Uy Py + U3 Py

[N
.
£~
+

Ag Py + Ay Py = (A + A+ Uz WDy + Uy Pyg + My Py

A Py + Ay Bg A3 g = O 4y 4 Uy + Ugdpyy + oy Ry

M Pg ¥ Ay Pyt A Py = (Rg 41y + 1y + W)Pyy + g Py

A pygt A3 by A, b m (g + My + g+ UPg + Uy By

Ay Pyp * A3 pg+ Ay g = (A + My Fug F u Py, + 1y Py
| 4

M Pt Pzt Ay Pyt ey - (2 uegs

from (1) we get =

(7.1)
(7.2)
(7.3)

(7.4)

(7.5)°

(7.7)
(7.8)
k7.9j
(7.10)
(%;11)
(7.12)
(7.13)

(7.14)

-(7.15)

(7.16)

(7.17)
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The soiution of this system of equations gives the following state

probabilities :
Y ‘ZG }‘i s I[; Ai /\1 AZ Al A3 )\1 )\4 )\2 A3 N )\2 )\l; ;
° i=1 M 4=l Y Hy Mg My Hg Up My Mp g My iy
Xa A A, A, A A, A A Ay Ay A Ay Ay A
3 4+ 1 72 73 1 %2 74 173 4+ 273 4)+1] B.a)
H3 U4 ul uZ U3 Ul UZ Ul* Ul U3 UA UZ U3 U4
Al
p, = —L p . j=1,2,3,4 (8.b)
ki ny o
J
}\1 )‘k : .
Pj = W PG , j=5,6,7; k=234 respectively (8.c)
Ay A .
Pj = m—- Po , j =89 ; k=3,4 respectively  (8.d)
A, X ' .
3 74 .
PlO = W PO (8-8)
Xy A, A
P. = 1k kel P, j=11,12 ; k = 2,3 respectively (8.f)
J My Mg Mger  © .
P =~ﬁ_1_iz_ilf_p P =__ig__'\_3_l‘.l‘__ , P =[é Ai]P (8.8)
13 Uy Uy M, o ! 14 Uy Hq U, "0 15 i=1 M 0 ©

The avauaoility tormulae depends on the configuration of the system.

The following are some selected configurations :

(a)

(b)

Ce)

A = .
(o0) PO+P2+P3+PA_+P8+p9+p10
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C.2. Multiplex systm 10-identical components

S

The system of 210 algebraic equations can be found from equations

(6.2)-(6.b) when n=10 as":

o=~ 10 X p, + 10u Py

o= A P, - [9A + u]pj +9uqu Py - o 3=1,2,...,10

o = 2X ?10 - [8x + 2_u]pJ. + 8u Psg > j=11,12,...,55

o = 3X Pss - 7% + 3u]pj + Tu P1767 j=56,57,...,175

o = 4 P75 ~ [62 + Au}pj + 6y P3gg’ - j=176,177,...,385

o = 5\ Pigs - 152 + Su]pj + Su Pg3g’ j=386,387,;..,637

o = 6A Pg37 —“[A} + 6u]pj + 4y Pgsg? j=638,639,...,847
o= 7X Pgs7 ~ [3Xx + 7u}pj + 3u Poeg® j=848,849,...,967

o = 8 Pog7 ~ [2x + 8u]pj + 2u P1013 3=968,969,...,1012
0= 9% pyy, - [A+ Mlp; + 1 py0ns j=1013,1014,...,1022

© = 10X pygpp ~ 0u pygos

and, from (1) we get
1023
I= L p.

j=o I,

The solution of this system of equations gives the following state

probablities are

(9.

(9.

(9.

. (o.

(9.

(9.

(9.

(9.

(9.

(9.

D

2)

3)

8)

.9

10)

11)

12)
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where

Py

1
Po = 0 10
(.
. 1
1=0
= ()\/U)Po ’
m
= (}\/U) Po 3
= pj+1 = - = Pk ’

j=1,2,...,10

m=2.3,... 10

. .mzlo10
J=H§l(i)}ﬂ

m
k=T ()

i=1

Shown below the availability formulae for some selecated configurations

(b)

(d4)

A(o0) = P+ 9P + 34FP

——

A(0) = P+ 8P +20P, + 16 Pse + & Proo

A(m) =

+ 12 P

318

638

Po + 10 P1 + 34 P1

11

1 6

+ 70 P

56

+ 82 Pl + 51 P

76

+ 50 P5 + 32 P

386

176
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5 -The Utilization Factor (u/A)

The steady state availability is strongly affected by the rato (U/A) which

‘is commonly termed as " utilization factor" , some references refer the
inverse of that ratio as "Operability ratio” .

Figure (1) shows how A( e°) varies with the utilization factor of the
critical component x4 (1£4/A;) keeping other factors constant, for the three

configurations of 4-unidentical component system presenied in section

(C.L).

The same effect was studied for the configurations of 10-identical
component system provided in section (C.2}. The improvement in A(eo) as

(1/ A} increases is shown in Figure(2).
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