
With a properly fc~;nulal;od matrix equation,ne can quickly loc- 
a t e  tho  re@on i n  vihich acceptable gear t r n i a  r a t i o s  l i e  and 
they can be readi ly  programmed f o r  e i t h e r  calcula tor  o r  conpu- 
t e r  operatiom. 

ICTRCDUCTI GI 

Pincl iu  s iutable  change gears f o r  a spec i f ied  r a t i o  is ac tua l ly  
two problems i n  one:- - Find ra t iona l  nunbcr X/D c lose  enough t o  the apecified 

r a t i o  i. - Pactor I T  and D i n t o  acceptable gear tooth nuuibers. 
The f i r s t  part  bf t u n  problen has roceivod a grea t  deal of att- 
ention,whilo the eecond part' s t i l l  must be solved by the cut-and- 
t r y  method,or by r e f e r r ce  t o  f ac to r  tables.  

Wtrix a r i t h e t i c  offers a systematk way t o  determine d l  fra- 
Ctlom within specif ied limlts of a g i v e n  r a t i o . I t  convergs rap- 
i d l y  t o  tho re&ior, i n  vihich i l i e s , i t  1s not oubjected t o  comula- 
t i v e  error,and it i a  easily arranged f o r  deak calcula tor  o r  comp- 
u t e r  work. 

Tho method ia'baocd upon conjufpte fraction theory ~lhich s t a t e s  + t ha t  t w o  f rcct ions  a/b and c/d are conjugate i f  ( ab - bo ) = - 1. 



TNo means that  between two conjugate f r ac t iom there exiots no 
other f rac t ion  with smaller nunerator o r  denominators.In t N e  
senso eooh conjugate fraction i a  "a best approximatiodl of the 
other,If the nunbcra a and b m o  choacn no that a/b l a  a f ract-  
ion i n  lowcot term greater than the  desired r a t i o  i,and i f  o 
and d a rc  a i n i l n r l y  chosen ao thal c/d i a  a fraction i n  Lowest 
terms l e a n  than t h o  desired ratio i,the basic matrix can be 
formed t 

In matrix theory I) is unimodular i f  ( ad - bc ) = 1. 
A mult ipl ier  matrix is now needed and can be formed from the 
uni t  nstix: 

By adding adjacent row elemnto and interposing their eum: 

2 4 I e  is a new concept i n  matrix 
112evelopcd t o  solve gear ratioa.Hoto thata- - The uni t  matrix can be oxpandsd indef ini te ly ,  - When regarded as a  f rac t ion  each column is i n  lowest terms, - The fractions follow a deocending order, - Each adjacent 2x2 sub-natrix io uninodular, - N o  f rac t ion  with smaller t e m o  exists with value between 

adjacent fractiono. 



Thcae unique proper t i& of the cultiplicr matrix con bo uoad to 
find tho epecifled r a t i o  i which lieu botwcen the two r a t i o3  in 
tho basic matrix by multiplyi~z the two mtricoox 

To ehow how -this works in a prncttcal way,euppose i = 1/* 
a 0.564189 is to be approdmatcd within 2 0,00002 from gear 
ratio tables select:- 

a/b = 35/62 = 0,564516 
c/d = 22/39 - 0,564102 

Since 35x39 - 22x62 rn 1,the basic matrix is unimodular,and it 
oan be multiplied by the X matrix to give:- 

!L'hs desired ratio lies betwcon 101/179 and 22/39 so fu r ther  
effor t  needa t o  be concentrated o n l y  in this area of the G 
matrix, 



Thio can be done by expa~ding tho lower port ion of the  X matrk  
t o  give:- 

LIultiplying th ia  with a  port ion of the B matrix gives:- 

B X P  ff 

It appesrs now tha t  14W257 = 0.564202 i s  acceptably close t o  
tho specified i.Unfortuoately,257 is a  prime munber and it can t 
be factored i n t o  m i t a b l e  setls of change gears.To proceed frm 
here t he  lower portion of t he  X matrix 

Can Be expanded Further and the  r e s u l t i n g  X matrix casl then be 
multiplied: 

TMs might yie ld  a favorable ra t io .  

A second Eilternet3ve -ltrs j&o ~zZl.eoO one o r  two new B matrices from 
t h e  above G matrix and multiply them IiyXi-ekpanded &t matrix 
to gitrot- 



I n  theae multiplicat-ion thc unj.t matrix nay cxpandcd t o  any 
length nocesnary t o  produae n o d t a b l o  r a t i o ,  

r a t i ona l  mbsrs can be'fomned by adding adjacent numeratoro 
and denoainatore startine; with l / 0  and O/l.Thio is tho eas ies t  
way t o  find the  desi rable  r a t i o  when the tolerance i s  wido,but 
f o r  cloae t a l e rwoe  r a t i o s  the  labox of repeatqd long &ivision 
is excesoive end the  ohance of e r ro r  increases accordingly. 

with a properly formulated matrix equation you can quickly loc- 
a t e  the  region i n  which acceptable xat ioa  l ie ,and they cen be 
r ead i l y  p r o p m e d  f o r  e i t he r  calcula tor  o r  computer opaxi-t;lon, 
Computationally,it is l e s s  subjeot %o error,and,by solving a 
matrix equation,you iden t i fy  the  tolerance regLon i n  one s tep  
without involving recurrence proaess and continual testiw of  
fractions.Uathematically,t;he propert ies of rational. numbers is 
ac tua l l y  jus t  a par t  of the la rger  theosy of matrices, 
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Q, B,X ..... ., ...., .2 row uuimodtelatos matrZces 
8-l - , . , . ;, . . ,,, - is imeraa of B rnabix 
1. ............ - ,, s e a r r t + n  r a t b  
W ............. numerator of i 
D ............. denominator of f 
a,b,c,d ............ elements of B ma€rix,po&tlPe in tegers  
a/b and o/d ........ gear r a t i oe  taken fxom standard t ab les  


