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ARGTRACT

With a properly formulated watrlx equation,we can quickly loc~
ate the region in which acceptable gear train ratics lie and
they can be readily programmed for either calculator or compu-~
ter operatlong.

INTRCDUCTICY

Finding siutable change gears for a specified ratio is actually
two problems in one:-

~ Find rational number H/D close enough to the apecified

ratio 1,

~ Pactor W and D into acceptable gear tooth numbers,
The firat part of this problem has received a great deal of att-
ention,while the second part stlll must be solved by the cut-and~
try method,or by refernce to factor tables,

Matrixz arithmetic offers a systematic way to determine all fra-
ctions within specified limits of a giveﬂ ratio, It convergs rap-
~ 1dly to the region in which 1 lies,it is not subjected to comula~
tive error,and it is esslly arranged for desk calculator or comp-
uter work,

METHOD ANALYSIS

The method 1s based upon conjugate fraction theory which states
that two fractions a/b and c/d ore conjugate if ( ab = be ) = ¥ 1,
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This means that between two conjugate fractions there exists no
other fraction with smwller numerator or denominators.In this
senge each conjugate fraction is “a best approximation" of the
other,If the numbers a and b are chosen so that a/b is a fract-
ion in lowest terma greater than the desired ratio i,and if ¢
and & are simllarly chosen go that ¢/d is a fraction in lowest
terms less than the desired ratlo i,the basic matrix can ba
formed:

a . ¢
b d

B =

In matrix theory B is unimodular if ( ad - be } = 1.
A multiplier matrix 1s now needed and can be formed from the

unit matix:

By adding adjacent row elements and interposing their sum:

1 1 O
Pirst stage = 01 1

[
V]
)
o
(v

Second astage = 011 2 1
1 32 3 1 2 11 0
Third stage =l 5 3 1 2 2 3 2 3 1

This is a new concept in matrix T atRe Wik Ch -wes gpecially
developed to solve gear ratios.Note thatx~ a

=~ The unit matrix can be expanded indefinitely, .
When regarded as a fractlon each column is in lowest terms,
The fractions follow a descending order,
Each adjacent 2x2 sub-matrix ic unimodular,
No fraction with smaller terms exists with value between
adjacent fractions,
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These uniquo p“Opercids of the multiplior matrix can be uged %o
find tho specified ratio 1 which lies botween the two ratios in
tho basic nmatrix by multiplying the two matricen:

BX = G

To show how this works in & practical way,auppose i=14%
= 0,564189 is to be approximated within ¥ 0,00002 from geax
ratio tables seloct:- ‘

a/b = 35/62 = 0,564516

e/d = 22/39 = 0,564102
Since 35x39 - 22x62 = 1,the basic matrix is unimodular and it
can be multiplied by the X matrix to give:-

35 22 10 35 22
Unit matriz =) o0 39l X1 o 1{=|62 39
35 22 11 0 |35 57 22
First‘stage "l 62 39/ F[o 1 1{™|62 101 39
35 22/ 121 1 o
Second atage=) o 49l X| g 1 1 2 1

35 92 57 79 22
162 163 101 240 39

: I35 22 1323127110
Fhipdstesemiee-39) Flo 112 23 2 3 1

ad 52 225 163 264 101 241 140 179 -39

The desired ratio lies between 101/179 and 22/39 so further
effort needs to be concentrated only in this area of the G
matrix,
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Thig can be done by expanding the lower portion of the X matrix
to gives-

1 2 1L 1 0

X =137 4 51

Multiplying thias with a portion of the B matrix glves:-
BIm G

121 1 0
374 51|°%
It appears now that 145/257 = 0,564202 1s acceptably close %o
the specified i.Unfortunately,257 is & prime mumber and it can t

be factored into suitable sets of change gears,To proceed from
here the lower portion of the X matrix

101 224 123 145 22
179 397 218 257 39

101 22
179 39|%

1 1 o

4 5 1
Can bLe expanded further and the resulting X matrix can then be
maltiplied: :

123 22

1 2 1 1 of }i23 268 145 167 22
218 39{% 9 5 6 1

4 218 275. 257 296 39

This might yleld a favorable ratio,

A second &lternative 1w %Yo sclect one or two new B matrices from
"the above G matrix and multiply them by an’ expanded unit matrix’
. to gives-

123 391 268 413 145

123 145 1 2 11 0

218 257 1 2 1 =J,21a 693 475 T32 257
or' » « -

145 22 12 1 1 0 145 312 167 189 22

257 39)F 1 1 2 1|™) 257 553 296 335 39
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In these multiplication the unit matrix may expanded to any
length neocessary to produce a sultable ratio,

COICLUSICH

A¥% -rational rumbers can be formed by adding sdjacent numerators
and denominators starting with 1/0 and O/1.This is the easiest
way to £ind the desirable ratio when the tolerance is wide,but
for cloge tolerance ratios the labor of repeated long division
is excessive and the chance of erroxr increases accordingly.

with a properly formuleted matrix equation you'can quickly loc~-
ate the region in which acceptable ratios lie,and they can be
readlly programmed for either calculator or computer operation,
Computationally,it is less subject %0 error,and,by solving a
matrix equation,you identify the tolerance region in one step
without involving recurrence process and continual testing of
fractlons,Mathematically, the properties of rational numbers is
actually just a part of the larger theory of matrices,
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NOMENCLATURE

GByX  vevenneisecess2 TOWw unimodulator matrices

—-—

BT i itessewses 18 inverse of B matrix
i ﬁ4,“4¢¢444A4L£059aratrain ratio

N eecesencsesss Bumerator of 1

D eseetscsessss denominator of i

ByDyCyd Liveiesnsnas 2loments of B matrix,positive integers
a/b and ¢/d .i...... gear ratios teken from standard tables



