Mansoura Bulletin December 1978. §§
-1
a

A NEW TECHNIQUE FOR THE DESIGN OF FIR
DIGITAL FILTERS
BY
Hamdi A. Bl=Mikati¥, Member, IEEE, and Ahmed M. Abu-Taleb™®

ABSTRACT

A method for thynsis of FIR Chebychev digital filters is
presented. The approximation in L _,norm is obtained making use
of lawson's algorithme. This reduces the problem to one of com=
puting certain weighted least square approximations.

I- INTRODUCTION

Severa]l techniques have been developed to dasign FIR digital
filter with preseribed frequency response (1).

By way of example, the techniques required to produce a lin-
ear phase digital fillter involve; frequency sampling, optima}l
minimax error techniques and windowing.

Windowing technique has the advantage of simplicity, ease of .
use and the fact that closed form expressions are often available
for the window coefficients (i.e. Fourier series coefficients of
its frequency response). The main disadvantage of this technique
is that the resulting FIR filters satlsfy no known optimality cri-

terion, hence their performance can be considerably improved in
most cases (1) '

The second design technique of frequency sampling depends on
that the desired frequency response should be smooth so that int-
erpolation error between the samples of the frequency response
may be small. For band-select filters the frequency response cha=-
nges sharply across transition bands. The frequency samples occ-
uring in these transition bands are téken as variables and defined

by an optimisation algorithm minimising some function of the app-
roximation error of the filter (1).

The third design technique reduces the problem to a Cheby=-
chev {(minimax) approximation problem, Classicaly, the solution
to this problem has implied the selection of the coefficients of
a suitable polynomial (or rational function in case of IIR fi}=-
ters) so that it fits the desired frequency response in én ovpti=-
mal equal rippl» manner. Remez algorithm method and its genera-
lizations are¢ notable examples of processes for obtaining best
approximations using polynomials and rational functlons(l)~(4).
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these methods lead to & sct of non=-linear equations in the filter
coufficlents, Iterative solution of these equations is much in~
volved and takes along computational time.

ln this paper we present a new methed for minimax approxi-
catlon which reduces the computational effort to a great extent.
The method is based on the known result that the best minimax
epproximation may be obtained by computing certain weighted least
least squares approximations. Lawson's algorithm consists in
generating the required welight functions (5).

Ii- ALGORITHM FOR MINIMAX APPROXIMATION

We are given a well behaved function H,(w) describing the
desired frequency response of the FIR filter. H,(w) is specified
ovar the Nyquist frequency interval. The actua)l fregquency ress=
ponse is a linear combination of a sequence of functions t gmﬁ

J M ‘
Ha(")?z Z: a &g (w) caevessnsssall)
), ool :

The functions { g} are linearly independent and defined
over the Nyquist interval. Their specific forms are given in (1)
and depend on the symmetry of the impulse response and the parity
of N- the number of samples in the filter impulse response.

It is required to make Hq(w) the best approximation to Hg(w), in
tne sense that the maximum approximation error over the entire
Nyquist interval is minimized. W¥We define an error function e(w)

as

e(') = K Ha (w) - Hd (')‘ --oono---oo-(a)

We also define & norm

Lp: “e“ p:(I le' P dw )llp ooo---oo-o-(j)
1

wvhere I 18 thé set of points at which Hy is defined. A minimiz-
ation for e defined by Bq. (3) is called a best approxima-
tion with respegt to Lp‘ For well behaved functions

max | o ('1)| = linm ( X \e) P di)l/P ceereeeen(®)
iel I
P

In view of this, minimization in the chebychev (minimax)
sense amounts to minimization with respect to § .
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Sowme techniques have been developed for obtaining sequence
of Least pﬁﬂ_approximations with finite p, which converge in the
limit, as p becomee very large, to the minimax solution (2), (6).
Recently, however, Lawson has developed another method for minimax
approximation, where in the coefficients 8.} +» which make H (w)
approximates Hyq(w) in the chebychev sense, are obtained through
a sequence of iterations (5). At the nth step of iteration, a new
set of coefficients af} is calculated such that the function

H: (') = Z a: 8. (w) ’ --aooaccooooo(S)
o

is the best L, (least square)-approximation to the desired respoe
nse with the %rror function defined from:

. 2
IR T R ORI WA "
I

Whore W is a weight function. The values W, of this funotion at
the frequencies w; are calculated from

i dw 00-000000(6)

M
T G - 2 o)
N = Z _1 — H n-l cooo-a.-..-(?)
e HQ,' \Hd(wi) - usl "o gn('i)|
We note that
wl; =1 ...........(9)

iel

The functions { g } are not, in general, arthonormal with
respect to the welight function W. However, & new set of orthonow
roal functions ‘ gﬁ‘can be obtained from the {g.‘ such that

n

8; = Z B‘J 8:, II=1.2'.--.-,H .oo.-.ocoo(lO)
and J=1

(Blv 83) s § 13 . ceseseseasas(ll)

vhere the ipner product of two functions f and g is given by

(f. g) = J‘i(w) g(')n ] (') d' ..n.oaoooqo(l.z’

the integratien is over the uhoho'ﬂsquist interva) and 311 in
the Kroncker delta. The B _, are cbtained by making use of
the Grap~Schmidt procedure™lAppendix).
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The best approximation to Hd with respect to the norm “ eH
defined by Eq.(6) 1is now given by ‘
H ‘
L3
Hd(w) = mz_l (Hd' gm) Em olnoo-ooo-looo(].})

!

Substituting for g% from Eq.(7) and rearranging, an explicit
explicit expressioB for H (w) in terms of g, Bay now be .obtained

M .
Ha(w) = 2_ a2 g, T e £
o )
where n M .
an = Z (Hd' EJ) BJk . -oooooccooooo(IS)
J=m

Having determined |{ a f+ @ new weight functien W1 15 calcu-
lated using Eq.(7), afid a new set of coofficiontaiag’li are then
determined according to”the steps indicated above. The itera~
tion process is continued unti] two successive lterations for
the {am} coefficients do not differ appreciably.’

The convergence of the process is proved in (5). However
Numerical computations have shown that the convergence is slow
without an acceleration scheme., It has been observed that Law-
son's ajgorithm tends to drive the weights to.zero everywhere
except at the extremal points of the error curve. Hence attempts
may be made to speed up the &lgorithm by making the weights tend
to zero as rapidiy as possible evergwhere except at the extremal
points. The scheme due to Rlce and Uson (5) consists in

Step li 3 to 4 iterations of Lawson's algorithm are carried ut.
Step 24 U? is set to zere, if -

el &
max | ('1) 2:3 gn('i)‘

[HgCey)e 2 ap g (v § eee(16)
. 1el
Whore e is given by Eq.(6)

Step 3t Iteration is started from step 1 again.

I1l- EXAMPLE

Consider the design of a lowphas linear phase FIR diglita)l
filter with cutoff frequemey w, = 7 /6, The desired frequency
response may be specified by . :
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Hd('i) =1 0 <=i < 30
=° j°<-.i .S:_. 180 .--..-o-t--o(l?)
Where
1 é I = ‘o' 1. 2,.--..- * 1803
and i (18
w g — T LR I I A W 1)
i 180

A valid frequency response of thie filter is
N-1/2
Ha(') = Z am Cos 'm N=odd 0000000000(19)
m=0
Where N is the filter length and will be taken equa)l to 5 in
ocur calculations. The coefficients a, are related to the filter
impulse response h(m) :by (1) g

i

a(ﬂ) = 2h ('—N?‘L - l) a =3 1.2.0..0' -'R_Z:L-"oco-oo(ao)

The functions cos nw are identified with g.(w) in section 11I.

Accelerated Lawson's algorith is started chooaing the initia]l
wvelght to be equal i.e.,

W(U1)=—1—- ‘ 16'1

181 oooo-ooo---(el)

The coefficients ‘ a; ’ &t the first eycle of iteration are
caloulated froa

™
ai = 181 x-{&- uj Hd(w) Cos(m w) W(w) dw
= "’5- /ﬂ' Hd(W) Cos (ﬂl w, dw ) e oooooouoio(ZZ)

Evidently, there is no need for the Gram. Schamidt procedure at
this stage. The iteration cycles are then continued in tho manner
indicated in section II. The iterations have been found to con=-
verge to a third decimal accuracy in 8 iterations. The coefficie
ents 1 a-i are found to be

a, = 1.2% al z -1.&% aa = 1.24
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The synthesised frequency response is shown in Fig.{;). The
corresponding impulse response of the filter is found from

h(o) = 32/2, h(l) = al/z, h(2) = 8,

Cwiang to the symmetry of the impulse responsge,

h(3) = h(1), h{4) = h(o0).

Hence the response of the filter is given by

H(Z) - 0.62 — 0.72 z-l —2 -4

+ 1.24% 2 - 0,72 z'j + 0.62 =

Which can be easily realized as in Fig. (2).

1V- CONCLUSION e

Use of Lawson's algorithm reduces the problem of minimax
approximation to one of weighted least ‘squares approximations.
This makes it possible to avoid solving 4 set of non linear
equations in FIR filter coefficients as in other minimax appro-
ximation algorithms. Although in the example preserited above a
Tilter of odd=length and symmetric¢ impulse response has been
conslidered, the mathod is readily applicable té filters of even
length &and syemetric on antisymmetric impulsse response.

APPENDI X

.The Grnm-Schmidt»Orthodbrmollzation‘Procndure'

Let g, designate a set of linearly independent functions of
we It is always possible to construct an orthonormal set of
functions g, 88 follows.

The first member of the orthonormal set g, is
B

.. '1 . R

(51' g, 5*

Where the inner product of two functiona f and g is defineﬂ by

i

&) = [tgwan

whers W i5 a weight function and the integration is over the
whole interval.
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We next comstruct & function f, normal to s; from g and gI.
Let

f. =

2 -4, 8

&, 1 &1

then require that
L

(s}. 8,) - 8, (EI; sI) =0

S50 that
o

and we find that
f

- %
2 8, - (31' 32) g,

Dividing £, by (f,, ra)h we find the corresponding orthonorsal

function £

;o 2

g =

2 %
fz)

The third member of the set is found by similar procedure.

We require that f, = g; - & gi - a3 g3 be simultaneously or-
thogonal to gi ana 55 80 that

(s;5 £,) (&]» g;) - &, = 0
(& 1)

and therefore

(82! 83) - 35 = 0

) (51. g;)

]
[

3= (sa. 33)

and

N
an

3 % 8y =(8)s 83) 8] ~(850 &) &,

The orthoncormal function is
’ f
g, —

5 %

In genera]l it follows that n-1

fn = Sn - Z_ (sk’ Sn) Sk
and fn k=1

T ——————————

g. =
TR
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Fig.(1)1 Magnituds of the desired and synthesised
frequency response.
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Fig.(2): Realisation of the FIR filter in & direct
form.



